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HOPF BIFURCATION AT INFINITY AND DISSIPATIVE
VECTOR FIELDS OF THE PLANE
BEGON˜A ALARCO´N AND ROLAND RABANAL
Dedicated to the memory of Carlos Gutie´rrez,
on occasion of the 05th anniversary of his death.
Abstract. This work deals with one–parameter families of differentiable (not
necessarily C1) planar vector fields for which the infinity reverses its stabil-
ity as the parameter goes through zero. These vector fields are defined on
the complement of some compact ball centered at the origin and have iso-
lated singularities. They may be considered as linear perturbations at infinity
of a vector field with some spectral property, for instance, dissipativity. We
also address the case concerning linear perturbations of planar systems with
a global period annulus. It is worth noting that the adopted approach is not
restricted to consider vector fields which are strongly dominated by the linear
part. Moreover, the Poincare´ compactification is not applied in this paper.
1. Introduction
The main purpose of this paper is to deepen the study of qualitative theory of
differential equations induced by differentiable vector fields of the plane which are
not necessarily of class C1. For instance, problems addressed in [FGR04, GPR06,
GR06] include global injectivity, uniqueness of solutions and asymptotic stability
of the point at infinity of the Riemann sphere R ∪ {∞}. These works, like many
others in the literature, extend to the differentiable case previous results concerning
C1−vector fields. Thus, the present paper pretends to extend to the differentiable
case the work in [AGG07]. The authors of [AGG07] guarantee the change of stability
at infinity of a one–parameter family of C1−vector fields as the parameter goes
through zero. This behaviour was presented as Hopf bifurcation at infinity.
Before [AGG07] the study of Hopf bifurcation at infinity had been approached
only from two points of view. One deals with families which have finitely many
parameters and are made up of continuous perturbations of linear systems. The
other point of view deals with polynomial families. The former case uses the strong
domination imposed by the linear part of the vector field on the continuous nonlinear
term, which can have sub–linear growth [Glo89, He91, KKY95, KKY97, DRY00].
The later point of view involves standard Poincare´ compactification [LBK88, GSS93,
BR93, SVB95].
Both points of view are related to the existence of limit cycles of arbitrarily large
amplitudes. Particularly, the case of polynomial systems can be associated to the
sixteenth Hilbert problem, see for instance [Sab87, SP87, LX04, ?]. In contrast, a
different point of view was given in [AGG07], where the authors are only interested
in the change of stability at infinity. This point of view has been strongly articulated
in other works related to planar systems induced by differentiable vector fields
[GT95, ?, GPR06, AGG07, Rab13, PR14]. The main motivation of this approach
was the definition of Hopf bifurcation at infinity given in [SP87] (see also [Sab87,
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GMV05]). Concretely, it is said in [SP87] that the polynomial family of vector fields
{Zµ : −ǫ < µ < ǫ} presents a Hopf bifurcation at infinity when µ cross 0 if ‘the
infinity changes its stability’.
The paper [AGG07] deals with a class of one–parameter family {Zµ ; −ǫ < µ < ǫ}
of planar C1 vector fields defined on the complement of an open ball centered at
origin which are also free of singularities. The authors find the change of stability
at infinity when the sign of
∫
R2
div(Zˆµ) varies as the parameter crosses zero. In
the context of [AGG07], Zˆµ : R
2 → R2 is any C1− extension of Zµ with divergence
Lebesgue almost–integrable (see Section 2 for details). The families considered in
[AGG07] are neither polynomial nor a perturbation of linear systems, consequently
the work in [AGG07] contains the two point of view described above.
We consider a one–parameter family {Xµ(z) = X(z)+µz, µ ∈ R}, where X has
isolated singularities and belongs to a class of differentiable (not necessarily of class
C1) planar vector fields defined on the complement of some compact ball centered
at the origin. The main motivation to address the existence of Hopf bifurcation
at infinity for this family is the work given in [FGR04] and [GPR06]. In those
papers the authors prove the uniqueness of the positive trajectory starting at every
point p ∈ R2 due some conditions on the eigenvalues of the Jacobian matrix of the
differentiable vector field. In addition, results in [GPR06] allow us to focus on the
integral
∫
R2
div(Xˆµ) in order to find a change of stability at infinity. In this context,
since the qualitative change at infinity of the family {Xµ(z) = X(z) + µz, µ ∈ R}
may be exhibit from global extensions Xˆµ : R
2 → R2, the main obstruction to
describe the bifurcation is the existence of unbounded sequences of singular points.
In order to avoid this phenomenon, we impose some extra condition on the extension
Xˆµ which imply that every vector field of the family induces an injective map.
Consequently, every vector field of the family has at most one singular point in the
plane.
Observe that the one–parameter family considered in this paper is not necessarily
a perturbation of linear systems in the sense of [Glo89, He91, KKY95, KKY97,
DRY00]. Moreover, Corollary 3.9 complements the results presented in [AGG07]
for C1−vector fields because in our work the existence of isolated singularities of X
is allowed.
2. Notation and definitions
Let Dσ = {z ∈ R2 : ||z|| ≤ σ} be the compact ball bounded by ∂Dσ = {z ∈
R2 : ||z|| = σ} with σ > 0, and suppose that X : R2 \Dσ → R2 is a differentiable
vector field, defined on the complement of Dσ on R
2. Here, the term differentiable
means Frechet differentiable at each point z ∈ R2 \ Dσ and X ′(z) : R2 → R2 is
the respective derivative. This derivative is defined as the bounded linear operator
induced by the standard Jacobian matrix at z. This matrix is denoted by DX(z),
so det(DX(z)) and Trace(DX(z)) are the typical Jacobian determinant and diver-
gence, respectively. On the other hand, if the point q ∈ R2 \Dσ is kept fixed, then a
trajectory of X starting at q is defined as the integral curve Iq ∋ t 7→ γq(t) ∈ R2\Dσ,
determined by a maximal solution of the Initial Value Problem z˙ = X(z), z(0) = q.
Of course, it means that d
dt
γq(t) = X
(
γq(t)
)
, ∀t ∈ Iq and γq(0) = q. In this context,
it is useful to have a term that refers to the image of the solution. Hence, we define
the orbit of γq to be the set {γq(t) : t ∈ Iq}, and we identify the trajectory with its
orbit. Similarly, γ+q = {γq(t) : t ∈ Iq ∩ [0,+∞)} and γ
−
q = {γq(t) : t ∈ (−∞, 0]∩ Iq}
are the semi–trajectories of X , and they are called positive and negative, respec-
tively. In consequence, γ−q ∪ γ
+
q = γq, and each trajectory has its two limit sets,
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α(γ−q ) and ω(γ
+
q ). These limit sets are well defined in the sense that they only de-
pend on the respective solution. And lastly, such a vector field induces a well defined
positive semi–flow (respectively negative semi–flow), if the condition q ∈ R2 \Dσ
implies the existence and uniqueness of γ+q (respectively γ
−
q ).
The trajectories of a vector field may be unbounded. One way to obtain some
information about the behavior of such solutions is to compactify the plane, so
that the vector field is extended to a new manifold that contains the ‘points at
infinity’. In this context, the so called Alexandroff compactification has been most
successful in the study of planar systems induced by C1-vector fields, not necessarily
polynomial (see for example [AS64, Sab87, GPR06, AGG07, Rab13]). To describe
the results, R2 is embedded in the Riemann sphere R2 ∪ {∞}. Consequently, (R2 \
Dσ)∪{∞} is the subspace of R2∪{∞} with the induced topology, and ‘infinity’ refers
to the point∞ of R2∪{∞}. Moreover, a vector fieldX : R2\Dσ → R2\{0} (without
singularities) can be extended to a map
Xˆ :
(
(R2 \Dσ) ∪ {∞},∞
)
−→ (R2, 0)
(which takes ∞ to 0). In this manner, all questions concerning the local theory
of isolated singularities of planar vector fields can be formulated and examined in
the case of the extended vector field Xˆ, which coincides with X on R2 \ Dσ. For
instance, if γ+p ⊂ R
2 \Dσ is an unbounded semi–trajectory of X : R2 \Dσ → R2
with empty ω−limit set, then we declare that γ+p goes to infinity, and we write
ω(γ+p ) = ∞. Similarly, α(γ
−
p ) = ∞ denotes that γ
−
p comes from infinity, and it
means that γ−p ⊂ R
2 \ Dσ is an unbounded semi–trajectory whose α−limit set is
empty. Therefore, it is also possible to talk about the phase portrait of X in a
neighborhood of ∞, as shown [GPR06, Proposition 29].
Throughout this paper, given C ⊂ R2, a closed (compact, no boundary) curve
(1−manifold), D(C) (respectively D(C)) denotes the compact disc (respectively
open disc) bounded by C. Thus, the boundaries ∂D(C) and ∂D(C) are equal to C
besides homeomorphic to the circle ∂D1 = {z ∈ R2 : ||z|| = 1}.
2.1. Index at infinity. The index at infinity was defined firstly for C1−vector
fields in [GT95] and lately in [GPR06] for differentiable vector fields (not necessarily
of class C1). The relationship between this index and the stability of the point at
infinity of the vector field is also stated in those works in both cases.
Definition 2.1 ([GPR06]). Consider X : R2 \Dσ → R
2 be a differentiable vector
field. The index of X at infinity, denoted by I(X), is the number of the extended
line [−∞,+∞] given by
I(X) =
∫
R2
Trace(DX̂)dx ∧ dy,
where X̂ : R2 → R2 is a global differentiable vector field such that:
• In some R2 \Ds with s ≥ σ, both X and X̂ coincide.
• z 7→ Trace(DX̂(z)) is Lebesgue almost–integrable on R2, in the sense of
[GPR06].
This index is a well–defined number in [−∞,+∞], and it does not depend on the
pair (X̂, s) as shown in [GPR06, Lemma 12] (see also [AGG07] for the C1 case).
2.2. Hopf bifurcation at infinity. The definition of Hopf bifurcation at infinity
for differentiable vector fields presented in this paper is based on the definition of
Hopf bifurcation at infinity for C1 vector fields given in [GT95] and the definition of
attractor/repellor given in [GPR06] for differentiable vector fields. In [GPR06], the
authors relate the index at infinity of a differentiable vector field with the stability
of the point at ∞ of the Riemann sphere.
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Definition 2.2 ([GPR06, Rab13]). The point at infinity ∞ of the Riemann sphere
R2 ∪ {∞} is an attractor (respectively, a repellor) for X : R2 \Dσ → R2 if:
• There is a sequence of closed curves, transversal toX and tending to infinity.
It means that for every r ≥ σ there exists a closed curve Cr such that D(Cr)
containsDr and Cr has transversal contact to each small local integral curve
of X at any p ∈ Cr.
• For some Cs with s ≥ σ, all the trajectories γp starting at a point p ∈
R2 \ D(Cs) satisfy ω(γ+p ) = ∞, that is γ
+
p goes to infinity (respectively,
α(γ−p ) =∞, that is γ
−
p comes from infinity).
Notice that in the C1 case, Definition 2.2 is equivalent to saying that the vector
field Xˆ induced by X on the Riemann sphere is locally topologically equivalent in
an open neighborhood of the infinity to z 7→ −z (respectively, z 7→ z) at the origin
[GT95, ?, AGG07].
The authors of [GPR06] relate the index at infinity of a differentiable vector field
with the stability of the point at ∞ of the Riemann sphere.
Definition 2.3 ([AGG07]). We will say that the family of differentiable vector
fields
{
Xµ : R
2 \Dσ → R2 : −ε < µ < ε
}
has at µ = 0 a Hopf bifurcation at ∞ if
the following two conditions are satisfied:
• For µ < 0 (resp. µ > 0), the vector field Xµ has a repellor at ∞, and for
µ > 0 (resp. µ < 0), the vector field Xµ has an attractor at ∞.
• The vector field Xµ has no singularities in R2 \ Ds, for −ε < µ < ε and
some s ≥ σ.
In order to capture the essential features of Definition 2.3, we remark that the
element X0 might be unstable in the sense that the vector field Xˆ0 induced by X0
on the Riemann sphere might be locally topologically equivalent in an open neigh-
borhood of the infinity to a center at the origin. In this context, X0 has first degree
of instability [ALGM73] in the sense that it is unstable whereas any vector field in
{Xµ}, with µ sufficiently close to 0, is either stable (i.e ∞ ∈ {attractor, repellor})
or topologically equivalent to X0 (see Figure 1). In Section 4, we also impose some
condition on X0 in order to force a specific family {Xµ} to present a Hopf bifurca-
tion at ∞ as a topological characterization of the bifurcation when ∞ reverses its
stability.
The authors of [AGG07] relate the existence of a Hopf bifurcation at infinity for
a family of C1−vector fields with the index at infinity of each vector field of the
family.
Theorem 2.4 ([AGG07]). Let {Zµ : R
2 \ Dr ; −ε < µ < ε} be a family of
C1−vector fields such that:
(1) z 7→ Trace
(
DZµ(z)
)
is Lebesgue almost–integrable on R2 \Dr,
(2) I(Zµ) is well defined, this index belongs to [−∞,+∞], and∫ +∞
σ
Υµ(r)dr = +∞,
where Υµ(r) = inf
{
||Zµ(z)|| : ||z|| = r
}
,
(3) µ 6= 0 implies that the product µ · I(Zµ) > 0,
(4) Zµ has no singularities, and the Poincare´ index at ∞ of the vector field
Zˆµ :
(
(R2 \Dr) ∪ {∞},∞
)
−→ (R2, 0)
(which extends Zµ at ∞) is less than or equal to 1.
Then µ = 0 is a Hopf bifurcation at ∞ of the family {Xµ}.
Theorem 2.4 is the one we extend to the differentiable case in Theorem 3.7.
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3. Hopf bifurcation at infinity for dissipative vector fields
A differentiable planar vector field X = f ∂
∂x
+ g ∂
∂y
is called dissipative on a
region D if div(X) = ∂f
∂x
+ ∂g
∂y
< 0 on D and the equality only holds on a set with
Lebesgue measure zero. See [GS90] for more details.
Let H(2, σ) be the set of differentiable vector fields X : R2 \ Dσ → R
2 which
are dissipative and have strictly positive Jacobian determinant. This means that
all vector field X in H(2, σ) verifies
(3.1) Spc(X) ⊂
{
z ∈ C : ℜ(z) ≤ 0
}
\
{
(0, 0)
}
,
where Spc(X) ⊂ C is the set of eigenvalues of DX(z), for all z ∈ R2 \Dσ.
In this section we study the case of dissipative vector fields in H(2, σ). This is
complemented in the next section, where we focus on vector fields that are free of
real eigenvalues. Observe that the divergence of every vector field verifying (3.1) is
Lebesgue almost–integrable on R2 \Dσ, in the sense of [GPR06].
Recall that, a map X˜ : R2 → R2 is a local homeomorphism (respectively a local
diffeomorphism) if for every z ∈ R2 there exist open neighborhoods U ⊂ R2 of z y
V ⊂ R2 of X˜(z) such that the mapping U ∋ p 7→ X˜(p) ∈ V is a continuous (resp.
differentiable) bijection whose inverse is also continuous (resp. differentiable).
3.1. On extensions of dissipative vector fields. Consider the family of vector
fields
{Xµ(z) = X(z) + µz : µ ∈ R},
where X ∈ H(2, σ) and X has some singularity in R2 \Dσ. In this section, we also
prove the existence of globally injective extensions of Xµ : R
2 \ Dσ → R2 to the
whole plane whose divergence is Lebesgue almost–integrable in R2.
Consider X = (f, g) ∈ H(2, σ). Here, F(h) with h ∈ {f, g, f˜ , g˜} denotes the
continuous foliation given by the level sets {h = constant} and then the leaves of
the foliations are differentiable. The concept of half-Reeb component is a natural
generalization of the description of the planar foliations given in [HR57]. More
precisely, A is a half–Reeb component of F(h) if there is a homeomorphism
H : B =
{
(x, y) ∈ [0, 2]× [0, 2] : 0 < x+ y ≤ 2
}
→ A,
which is a topological equivalence between F(h)|A and F(h0)|B with h0(x, y) = xy
such that:
• The segment {(x, y) ∈ B : x+y = 2} is sent by H onto a transversal section
for the foliation F(h) in the complement of the point H(1, 1).
• Both segments {(x, y) ∈ B : x = 0} and {(x, y) ∈ B : y = 0} are sent by H
onto full half–leaves of F(h).
Lemma 3.1. If X ∈ H(2, σ) has some singularity, the following hold:
(a) ∃s0 ≥ σ and a globally injective local homeomorphism X˜ : R2 → R2 such
that X˜(0) = 0 and X˜ and X coincide on R2 \Ds0 ;
(b) the index I(X) at infinity is a well defined number in [−∞,+∞).
Proof. Observe that every X = (f, g) ∈ H(2, σ) satisfies Spc(X) ∩ [0,+∞) = ∅ and
Spc(X) ⊂ {z ∈ C : ℜ(z) ≤ 0}. Thus, the methods of [Rab13, Proposition 2] lead
us to obtain that:
(a.1) Any half–Reeb component of either F(f) or F(g) is bounded.
Under conditions (a.1) and Spc(X) ∩ [0,+∞) = ∅, the means developed in the
last section of [GR06] (see Proposition 5.1) can be applied. Consequently, the proof
of [Rab13, Theorem 3] gives the existence of a closed curve C, surrounding the
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singularity of X and the point at the origin, so that C is embedded in the plane,
and it admits an exterior collar neighborhood U ⊂ R2 \D(C) such that:
(a.2) X(C) is a non–trivial closed curve surrounding the origin, X(U) is an ex-
terior collar neighborhood of X(C) and the restriction X |U : U → X(U) is
a homeomorphism.
(a.3) The foliation F(f), restricted to R2 \ D(C) is topologically equivalent to
the foliation made up by all the vertical straight lines on R2 \D1.
By Schoenflies Theorem, [Jac68, Bin83, Zib05], the map X |C : C → X(C) can
be extended to a homeomorphism X1 : D(C) → D(X(C)) with X1(0) = 0. We
also extend X |R2\D(C) : R
2 \ D(C) → R2 to X˜ = (f˜ , g˜) : R2 → R2 by defining
X˜|D(C) = X1. Thus, X˜|U : U → X(U) is a homeomorphism, and U (resp. X(U))
is a exterior collar neighborhood of C (resp. X(C)).
Furthermore, (a.3) implies that X˜ is a local homeomorphism whose foliation
F(f˜) is trivial. Therefore, X˜ is injective by [FGR04, Proposition 1.4]. Observe that
X˜(0) = 0 by construction. Hence (a) holds considering s0 ≥ σ with D(C) ⊂ Ds0 .
Under these conditions, [GPR06, Theorem 11] gives the existence of some r > s0
such that the restriction X |
R2\Dr
: R2 \Dr → R2 admits a global differentiable
extension X̂ which divergence is Lebesgue almost–integrable on R2 and X̂(0) = 0.
Consequently, the index of X at infinity I(X) is a well defined number of the
extended real line ∈ [−∞,+∞). This concludes the proof. 
Corollary 3.2. If X ∈ H(2, σ) has some singularity and µ ≤ 0, then ∃sµ > σ such
that:
(a) the restriction X |
R2\Dsµ
: R2 \Dsµ → R
2 satisfies the statement of Lemma 3.1;
(b) the vector field Xµ has a well–defined index at infinity and
µ < 0⇒ I(Xµ) < 0.
Proof. Observe that a direct computation of the eigenvalues in Xµ(z) = X(z) + µz
shows that
(3.2) Spc(Xµ) = µ+ Spc(X).
Thus, as a consequence of (3.2), we can obtain that:
(3.3) Spc(Xµ) ⊂ {z ∈ C : ℜ(z) ≤ µ}.
Therefore, for every µ ≤ 0, (a) follows by Lemma 3.1.
Item (b) holds by (3.3) and definition of index at infinity of Xµ, provided by
Trace(DXµ) ≤ µ < 0.

Corollary 3.3. Let X ∈ H(2, σ) with some singularity. Suppose in addition that
det(DXµ) > 0, for all µ in some open interval (0, ǫ0).
Then, ∃ε > 0 such that for every µ ∈ [−ε, ε] there exists sµ > σ for which the
restriction X |
R2\Dsµ
: R2 \Dsµ → R
2 satisfies the statement of Lemma 3.1.
Proof. By hypothesis, det(DXµ) > 0 for all µ ∈ (0, ǫ0), then (3.2) implies that
Spc(Xµ) ∩
(
−
ǫ0
4
,+∞
)
= ∅, when µ ∈
[
−
ǫ0
4
,
ǫ0
4
]
.
Consider ε = ǫ04 > 0. Thus, Proposition 2.7 in [GR06] implies that, for all
µ ∈ [−ε, ε], Xµ = (fµ, gµ) has the following property: “Any half–Reeb component
of either F(fµ) or F(gµ) is bounded”. Therefore, the proof of Lemma 3.1 holds
verbatim. 
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Remark 3.4. Under conditions of Corollary 3.3, the set
{
sµ ≥ σ : µ ∈ [−ǫ, ǫ]
}
is a
well defined set. In addition, this set is bounded when µ 7→ sµ is continuous.
When the extension given by Lemma 3.1, Corollary 3.2 and Corollary 3.3 is also
a local diffeomorphism, we say that the vector field X˜µ : R
2 → R2 is a strong
extension of the vector field Xµ : R
2 \Dsµ → R
2.
3.2. Global vector fields. In this section we study the stability at infinity of the
family of global vector fields
{Yµ(z) = Y (z) + µz : µ ∈ R},
where Y : R2 → R2 is a vector field such that Y (0) = 0 and the restriction Y |
R2\Dσ
:
R2 \Dσ → R2 belongs to H(2, σ).
Proposition 3.5. If there exists ε0 > 0 such that the map Yµ(z) = Y (z) + µz is a
local diffeomorphism, for all µ ∈ (−ε0, ε0). Then, ∃ε > 0 such that the restriction
Yµ|R2\Dσ : R
2 \Dσ → R
2 has no singularities in R2 \Dσ, for every µ ∈ [−ε, ε].
Proof. As a consequence of (3.2), the following assumptions are equivalent
(i) 0 6∈ Spc(Yµ) for all µ ∈ [0, ε0) (resp. for all µ ∈ (−ε0, 0]),
(ii) Spc(Y ) ∩ (−ε0, 0] = ∅ (resp. Spc(Y ) ∩ [0, ε0) = ∅).
Since the restriction Y |
R2\Dσ
: R2 \Dσ → R
2 belongs to H(2, σ), condition (3.2)
implies that
Spc(Yµ|R2\Dσ)
⋂(
−
ε0
4
,
ε0
4
)
= ∅, ∀µ ∈ [−
ε0
2
,
ε0
2
].
Hence, by [GR06, Theorem 2.1], the following holds:
(3.4) Yµ : R
2 → R2 is globally injective, for every µ ∈
[
−
ε0
2
,
ε0
2
]
,
(see also [?, Theorem 3] and [Sot90]).
Consequently, since Yµ(0) = 0, (3.4) implies that there exists ε =
ε0
2 > 0 such
that the restriction Yµ|R2\Dσ : R
2 \ Dσ → R2 has no singularities in R2 \ Dσ, for
every µ ∈ [−ε, ε]. Thus, the proposition holds. 
Proposition 3.6. Let ε > 0 be as in Proposition 3.5. Suppose in addition that
∃s > σ such that, for each 0 < µ ≤ ε,
(1) Yµ induces a well–defined negative semi–flow on R
2 \Ds,
(2) the index I(Yµ) ∈ [−∞,+∞) satisfies µ · I(Yµ) > 0.
Then, for each µ ∈ [−ε, ε], ∞ is an attractor (respectively a repellor) for the vector
field Yµ|R2\Ds : R
2 \Ds → R2 provided by I(Yµ) > 0 (respectively I(Yµ) < 0).
Proof. Observe that, for all −ε ≤ µ < 0
Spc(Yµ|R2\Dσ) ⊂ {z ∈ C : ℜ(z) ≤ µ < 0} \ (−
ε
2
, 0]
Hence, for all s0 ≥ σ the following hold:
(a.1) Trace
(
DYµ
)
< 0 and so z 7→ Trace
(
DYµ(z)
)
is Lebesgue almost–integrable
in R2 \Ds0([GPR06, Lemma 7]);
(a.2) I(Yµ) is a well-defined number in [−∞,+∞) ([GPR06, Corollary 13]).
(a.3) for every z ∈ R2 \ Ds0 , there is only one positive semi–trajectory of Yµ
passing through z. ([GPR06, Teorema 4]).
Therefore, I(Yµ) is a well–defined number and I(Yµ) 6= 0, for all µ ∈ [−ε, ε] .
(a.4) We claim that for every µ ∈ [−ε, ε], the condition I(Yµ) 6= 0 implies that
Yµ has a bounded set of periodic trajectories.
Since Yµ(0) = 0 and Yµ is injective by (3.4), we proceed by contradiction:
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(*) We suppose that {Γ1,Γ2, . . . ,Γn, . . . } is an unbounded set of periodic tra-
jectories of Yµ such that
D(Γ1) ⊂ D(Γ2) ⊂ · · · ⊂ D(Γn) ⊂ · · ·
Under these conditions, by using the Green Theorem in D(Γn) and the arc length
element ds, we obtain that∫
D(Γn)
Trace(DYµ)dx ∧ dy =
∮
Γn
〈Yµ(s), η
e
n(s)〉ds,
where ηen(p) is the unitary outer normal vector to Γn and 〈Yµ(s), η
e
n(s)〉 is the inner
product of Yµ(s) with η
e
n(s). Thus,
I(Yµ) = lim
n→∞
∫
D(Γn)
Trace(DYµ)dx ∧ dy = 0,
provided by 〈Yµ(s), ηen(s)〉 = 0, for all η
e
n(s). This contradiction with I(Yµ) 6= 0
shows that (*) never happens, and gives the proof of (a.4).
Furthermore, since [−ε, ε] is a compact set, the following is directly obtained
applying (a.4):
(a.5) ∃s > s0 > σ such that Yµ has no periodic trajectories in R2 \Ds as long as
µ ∈ (−ε, ε) and I(Yµ) 6= 0.
Hence, Yµ generates a positive semi–flow on R
2 \ Ds, for all −ε < µ < 0. In
addition, for s > σ as in (a.5) we have that for all µ ∈ (−ε, ε) the following hold:
(a.6) Yµ(0) = 0;
(a.7) det(DYµ(z)) > 0, ∀z ∈ R2, so Yµ preserves orientation;
(a.8) there exists c > 0 such that ||Yµ(z)|| > c, for any z ∈ R2 \ Ds, by the
openness of Yµ.
Under these properties: (3.4) and (a.1) to (a.8), the vector field Yµ satisfies all
the conditions of [GPR06, Theorem 26]. Consequently:
(a.9) For every r ≥ s there exist a closed curve Cr transversal to Yµ contained
in the regular set R2 \ Dr. In particular, D(Cr) contains Dr and Cr has
transversal contact to each small local integral curve of Y at any p ∈ Cr.
Moreover, for r ≥ s large enough the closed curve Cr ⊂ R2 is transversal to Yµ,
near ∞ and it is such that µ ∈ (−ε, ε), the index I(Yµ) and∫
D(Cr)
Trace(DYµ)dx ∧ dy =
∮
Cr
〈Yµ(s), η
e
n(s)〉ds
have the same sign. Thus, the point at infinity of the Riemann sphere R2 ∪ {∞}
is either an attractor or a repellor of Yµ : R
2 \ Ds → R
2. Actually, by (a.9) and
[GPR06, Theorem 28] we obtain that:
(a.10) If I(Yµ) < 0 (respectively I(Yµ) > 0), then ∞ is a repellor (respectively an
attractor) of the vector field Yµ : R
2 \Ds → R2.
It concludes the proof, and the proposition holds. 
3.3. Hopf bifurcation at infinity for dissipative vector fields. We are now
ready to state our main theorem.
Theorem 3.7. Consider the family {Xµ(z) = X(z) + µz : µ ∈ R} where X is a
differentiable vector field in H(2, σ) with some singularity and verifying
(3.5) det(DXµ) > 0, for all µ in some open interval (0, ǫ0).
Suppose in addition that
(1) ∃ε0 > 0 such that the set
{
sµ ≥ σ : µ ∈ [−ε0, ε0]
}
induced by strong
extensions is bounded;
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(2) for each µ > 0, Xµ induces a well defined negative semi–flow and the index
I(Xµ) ∈ [−∞,+∞] satisfies µ · I(Xµ) > 0.
Then there are ε > 0 and s > σ such that the family of vector fields{
Xµ : R
2 \Ds → R
2 ; −ε < µ < ε
}
has at µ = 0 a Hopf bifurcation at ∞.
Proof. By the assumption (1) there exist a number s˜ = sup{sµ ≥ σ : −ǫ0 ≤ µ ≤ ǫ0}
and a local diffeomorphism X̂0 : R
2 → R2 with X̂0(0) = 0 such that
X̂0(z) + µz = Xµ(z), for all z ∈ R
2 \Ds˜ and µ ∈ (−ǫ0, ǫ0).
In addition, the map X̂µ : R
2 → R2 such that X̂µ(z) = X̂0(z)+µz is also a local
diffeomorphism. Therefore, there exist s ≥ s˜ ≥ σ and 0 < ε < ǫ0 such that for
every µ ∈ [−ε, ε]:
• The restriction Xµ|R2\Ds : R
2 \Ds → R2 has no singularities in R2 \ Ds.
By Proposition 3.5.
• µ · I(X) > 0, for all µ < 0. By Corollary 3.2.
• For µ < 0, the restriction Xµ|R2\Ds has a repellor at ∞, and for µ > 0,
the restriction Xµ|R2\Ds has an attractor at ∞. By hypotheses (2) and
Proposition 3.6.
Thus,
{
Xµ : R
2 \Ds → R2;−ε < µ < ε
}
has at µ = 0 a Hopf bifurcation at ∞. 
Observe that the vector fields Xµ(z) = X(z) + µz as in Theorem 3.7 satisfy
Xµ(z)−Xµ˜(z) = (µ− µ˜)z, ∀z ∈ R
2 \Dσ.
Therefore, if X(R2 \ Dσ) is the space of the continuous vector fields of R2 \ Dσ
endowed with the topology induced by the uniform convergence on compact sets,
the functional
R ∋ µ 7→ Xµ ∈ X(R
2 \Dσ)
is continuous.
Remark 3.8. If the maps hµ : R
2 \ Dσ → (0,+∞) and h˜µ : R2 \ Dσ → (−∞, 0)
are differentiable and the family
{
Xµ : R
2 \ Ds → R2;−ε < µ < ε
}
is given by
Theorem 3.7, then the families
hµ(z)Xµ(z) and h˜µ(z)Xµ(z)
also have at µ = 0 a Hopf bifurcation at ∞. For instance, the map
hµ(z) =


1
µ
, if µ 6= 0;
1, if µ = 0
Notice that hµ induces a well–defined map µ 7→ hµXµ which is discontinuous at
µ = 0.
In some sense, Remark 3.8 shows that Theorem 3.7 includes the results where
the strong domination imposed by the linear part is used.
Furthermore, we do not assume the existence of some open neighborhood of
infinity free of singularities, as in Theorem 2.4 item (4). Recall that the results
in this work are obtained from the weak hypothesis on the Jacobian determinant
like (3.5), which is natural in order to work with isolated singularities. In addition,
the assumption (2) in Theorem 3.7 is necessary, since the theorem considers the
differentiable vector fields, not necessarily of class C1.
In the particular case of C1−vector fields, Theorem 3.7 directly gives the next
illustrative result.
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Corollary 3.9. Consider Z ∈ H(2, σ) of class C1. Suppose Z has a singularity
and the maps R2 \ Dσ ∋ z 7→ Zµ(z) = Z(z) + µz are orientation preserving local
diffeomorphisms, for all µ in some interval (0, ǫ0).
If assumption (1) in Theorem 3.7 holds, then the condition
(3.6) µ 6= 0⇒ µ · I(Zµ) > 0
implies the existence of ε > 0 and s > σ such that
{
Zµ : R
2\Ds → R2;−ε < µ < ε
}
has at µ = 0 a Hopf bifurcation at ∞.
Observe that condition (3.6) extends the case where the spectrum of Xµ crosses
the imaginary axis transversally when µ moves from negative to positive values.
4. Vector fields free of real eigenvalues
This subsection addresses the special case of differentiable vector fields whose
Jacobian matrix is free of real eigenvalues. These vector fields induce local diffeo-
morphisms with zero divergence.
Proposition 4.1. Let X : R2 \Dσ → R
2 be a differentiable vector field with some
singularity. Suppose that the following holds
(4.1) Spc(X) ⊂
{
z ∈ C : ℜ(z) = 0
}
\
{
(0, 0)
}
.
Then, ∀µ ∈ R ∃sµ ≥ σ such that
(a) the restriction X |
R2\Dsµ
: R2 \Dsµ → R
2 is injective and admits a global
differentiable extension X̂ : R2 → R2 with X̂(0) = 0 and
X̂(z) = X(z), ∀z ∈ R2 \Dsµ ;
(b) the index I(X) at infinity is a well defined number in [−∞,+∞);
(c) Xµ induces a well defined positive (respectively negative) semi–flow as long
as µ < 0 (respectively µ > 0). Moreover, the trajectories of X are unique
in the sense that only depend of the initial condition.
Proof. Since Xµ(z) = X(z) + µz implies that Spc(Xµ) ∩ R = ∅ for all µ ∈ R.
Proposition 2.7 in [GR06], implies that Xµ = (fµ, gµ) has the following property:
(a.1) Any half-Reeb component of either F(fµ) or F(gµ) is a bounded set.
Therefore, the proof of Lemma 3.1 holds verbatim and statements (a) and (b)
remain true.
In addition, (3.2) implies that:
µ < 0 ⇒ Spc(Xµ) ⊂
{
z ∈ C : ℜ(z) ≤ µ < 0
}
,
µ > 0 ⇒ Spc(−Xµ) ⊂
{
z ∈ C : ℜ(z) ≤ −µ < 0
}
.
Therefore, [FGR04, Lemma 3.3] implies that the vector fields Xµ with µ < 0, and
−Xµ with µ > 0, induce a well defined positive semi–flow. Similarly, [Rab09,
Lemma 2.1] gives the uniqueness of the trajectories induced by X . Thus, statement
(c) holds. 
Proposition 4.2. Consider the family of differentiable vector fields {Xµ(z) =
X(z) + µz : µ ∈ R}, where X verifies hypotheses of Proposition 4.1.
If ∃ε0 > 0 such that the set
{
sµ ≥ σ : µ ∈ [−ε0, ε0]
}
induced by strong extensions
is bounded, then ∃s > σ and ε > 0 such that the family{
Xµ : R
2 \Ds → R
2;−ε < µ < ε
}
has at µ = 0 a Hopf bifurcation at ∞.
Proof. Follows by Proposition 4.1 and Proposition 3.6. 
HOPF BIFURCATION AT INFINITY 11
PSfrag replacements DsDsDs
∞∞∞
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Figure 1. The bifurcation in Proposition 4.2.
Observe that a similar result as described in Remark 3.8 is obtained in the case
of families given by Proposition 4.2.
Remark 4.3. Consider now the special case of planar C1−vector fields Y : R2 → R2
such that Y (0) = 0 and
Spc(Y ) ⊂
{
z ∈ C : ℜ(z) = 0
}
\
{
(0, 0)
}
.
The trajectories in R2 \{0} induced by Y are periodic orbits surrounding the origin
[Rab09, PR14]. Moreover, a direct application of Proposition 4.2 gives the existence
of some ε > 0, for which the family
{
Yµ : R
2 \Ds → R
2;−ε < µ < ε
}
has at µ = 0
a Hopf bifurcation at ∞. See Figure 1.
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